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Introduction 

Let X be a non-singular, non-reducible real algebraic curve of genus g = g(X). It is called 
orientable if its real points M.(X) divide its complex points C(X) D WL(X) into 2 connected 
components. Consider now a set of orientable non-singular, non-reducible real algebraic curves 
Xi, . . . ,X n (n > 3) of genus g > 1 such that for all i ^ j I; is non-isomorphic to Xj over 
R but it is isomorphic to Xj over C. According to [3], (n — 4)2 n_3 ^ g — 1 and there exists 
{Xi, . . . ,X n } such that (n — 4)2 n_3 = g — 1. According to Harnak theorem, M(A^) form 
l-^il ^ 9 + 1 simple closed contours (ovals). 
In this paper we prove that 

n 

\Xi\ ^2g-(n- 9)2 n ~ 3 - 2 ^ 2g + 30 

i=l 

and these estimates are exact. 

For n = 3 and 4 it was proved in [4]. 

The proof is based on a detal description of real forms of complex algebraic curves. This 
description has self-dependent importance . By our conditions all complex algebraic curves 
Pi = C(Xi) are isomorphic to a complex algebraic curve P of genus g. Consider biholomorphic 
maps (fi : Pi — > P. The involutions of complex conjugations r[ : Pi — > Pj give antiholomorphic 
involutions Tj = ipT[ip~ l : P — > P. They generate a finite group W : P —* P. In §1 following 
[5] we prove that W is a Coxeter group. In §2 we give a complete description of all such pairs 
(P, W). In §3, using the results of §1, §2, and the classification of finite Coxeter groups we 
prove that 

n 

\ x i\ ^2g-(n- 9)2 n " 3 - 2. 

i=l 
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Farther, using an example of Singerman [8], we construct families of orientable curves {Xi, . . . , 
X n } such that 

n 

^2\Xi\ = 2g - (n - 9)2 n " 3 - 2. 
i=i 

Some of these results were announced in [6, 7]. 

This work was carried out with the financial support by grants: RFBR 98-01-00612 and 
INTAS 96-0713. 

1. Real equipments and Coxeter groups 

Let P be a complex algebraic curve, that is a compact Riemann surface of genus g(P). An 
antiholomorphic involution r : P — > P is called a reai form of P [4] . It gives a real algebraic 
curve (P, t) [1] with real points 

P T = {p G P\rp = p}. 

It is obvious that if the set P Tl n P T2 is infinite then t\ = T2- 

A real form r is called orientable if P/ < r > is an orientable surface. In this case P T 
divides P into 2 connected components. 

A finite group W generated by real (orientable) forms is called a real (orientable) equip- 
ment of P. 

Let W be a real orientable equipment of P. Denote by [W] the set of all real orientable 
forms r G W. The closure C of a connected component of P \ U Te [ W ]P T is called a camera of 
W. Let us consider some camera C. The basis of C is the set Sc of all a G [W] such that the 
set P a n C is infinite. 

Lemma 1.1. Tie basis Sc generates W. Each t G [W] is conjugated to some a G Sc- 
Proof :Let r G [W]. Let us consider the group Wc generated by Sc- The set 

P= y tic cp 

wEWc 
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is compact. It has no boundary and therefore P = P. Thus there exists w E Wc such that 
the set wC n P T is infinite. Furthermore 

wCnP T c d(wC) = w(dC) c w( [J 
Therefore there exists a E Sc such that the set P T fl w(P a ) is infinite. Thus the set 

pr pi pwaw^ 1 

is infinite and r = ujctm; -1 . It follows that Wc contains [W] and therefore Sc generates W. □ 
Let a G [VF] and W a be the set of all w E W such that C and w(C) belong to the same 
connected component of P \ P° . 

Lemma 1.2. Let 0\,Oi G Sc, w G W ai and woi ^ W ax . Then woi = a\W. 

Proof: The sets wd2(C) and C belong to opposite connected components of P\P ai . The sets 
C and w(C) belong to the same connected component of P \ P ai . Thus wa^C) and w(C) 
belong to the opposite connected components of P \ P ai . Therefore 02(C) and C belong to 
the opposite connected components of P \ P w aiW and hence 

a- 2 (C) nc c p w ~ x ^ w . 

On the other hand 

a 2 (C)f]P (T2 = Cf]P a2 

and thus the set 

02(C) n c = ^(C) ncnp ff2 =cnp ff2 

is infinite. Therefore the set 

pa 2 r] pw- 1 a 1 w D a2 (C) 

is infinite and o~2 = w~ 1 o~iw. □ 

Let l(w) be the least / such that w = a\ . . .07, where ai E Sc- 
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Theorem 1.1 [5]. Let W be a real orientable equipment of P and C its camera. Then: 1 )Pair 
(W,Sc) is a Coxeter system that is to say Sc = {ci, • • • , cr n } generates W with defining 
relations of = 1, (<Ji<jj) mij = 1 for some integers rriij; 2)C is a fundamental region ofW. 

Proof: It is obvious that 1 G W a and W a n aW a = for a G S c . It follows from [2, IY, §1, n°7] 
that these relations and the proposition of lemma 1.2 give that (W, Sc) is a Coxeter system 
and 

W a = {w G W\l(aw) > l(w)}. 
Thus if w G W and wC = C then 

we p| W a = {w G W|Z(<7«;) > /(«;) for all a e S c } = 1. 
Since C fl w(dC) C 9C, we see that C is a fundamental region of W.D 

Corollary 1.1. Let W be a reai orientable equipment of P and C its camera. Then: 1) All 
fixed points of all w G W belong to Ure[V7] P T > ^) If a real form r G W has real points then 
it is conjugated to some a G Sc; 3) If order ofwEW is more that 5 and w has a fixed point, 
then w generates a normal subgroup ofW. 

Proof: 1) Suppose w G W has a fixed point p G P \{J Te [ W ]P T ■ Since C is a fundamental 
region of W and 

w ( U pr ) = U pT ' 

tE[W] t€[W] 

there exists h e W such that hwhr 1 has a fixed point in C \ <9C. Hence hwh~ l {C) = C. 
Therefore hwh -1 = 1 and w = 1. 2) Let r G W be a real form with real points. Then, 
by 1), r G [W]. It follows from this and lemma 1.1 that r is conjugated to some a G Sc- 
3) Let wp = p. Consider a camera C 3 p. Let S'c = {cri, • • • , cr n }. It follows from 1) that 
p G P CJi fl P ct j . Thus = (ai(jj) k and order of OiOj is greater that 5. It follows from this and 
the classification of Coxeter systems [2, VI, §4] that OiOj generates a normal subgroup of W. 
Therefore w generates a normal subgroup of W. 

2. Topological classification and uniformization of equipments 
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Let (W, S) be a Coxeter system and mi, . . . , mfc be positive integer numbers. We shall say 
that a set (W, £, T) is (mi, . . . , mt) - swelling Coxeter system if 



T = {a{i,j)eS\i = l,...,k,jeZ}, 

where 

ljcr(z,j) = S, a(i,j + mi) = <r(i,j), and j) 7^ j + 1) if m 8 > 1. 

We say that a (mj;,...,m^) - swelling Coxeter system (W 1 , S' 1 ,T 1 ) is isomorphic to 
a (mf,...,m|) - swelling Coxeter system (VF^S^T 2 ) if there exists a permutation 77 : 
{1, . . . , fc} — > {1, . . . , /c}, integers £1, . . . , tt G and an isomorphism -0 : W 1 — > VF 2 such 
that m, 1 = m 2 , x and 

i/j(a\i,j)) = a 2 {rj{i),j + U), 

where T l = {a l (i,j)}. 

Let us now associate with every real orientable equipment (P, W) some swelling Coxeter 
system. 

Let C C P be a camera of and a±, . . . , aj~ be connected components of <9C. The complex 
structure on P gives an orientation on C. This orientation on C gives the orientations on aj. 

If Oj is not oval thus points of intersections of ovals divide ai on segments l\ , . . . , Z™\ We 
label the segments by the index j in order that /| fl 7^ 0, and the ordering of the segments 
gives the contour a\ with the given orientation on it. 

If a,i is an oval that put us m-i = 1, l\ = cii. For any l\ it exists cr(i,j) £ Sc such that 

l{ C P^\ 

Moreover <r(i,j) 7^ cr(i,j + 1) and a(i, 1) 7^ m s ) for ro 8 7^ 1. Put 

T c = Mi,j)\i = l,...,k, jeZ}, 

where a(i, j + rim-i) = cr(i,j) for n E Z. It is obvious that (W, Sc,Tc) is a (mi,...,mfe) - 
swelling Coxeter system. 
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Two real orientable equipments (P 1 , W 1 ) and (P 2 , W 2 ) are called topological equivalent 
if there exists a homeomorphism 99 : P 2 — > P 1 such that VF 2 = ipW 1 ip~ 1 . 

Theorem 2.1. Peal orientable equipments (P 1 ,^ 1 ) and (P 2 , VF 2 ) are topologically equiva- 
lent if and only if 

g(P 1 /W 1 )=g(P 2 /W 2 ) 
and there exist cameras C l C P l of W l such that the swelling Coxeter systems 

(W\S C i,T c i); (W 2 ,S C2 ,T C2 ) 

are isomorphic. 

Proof: Let (P 1 , W 1 ) and (P 2 , VF 2 ) be topologically equivalent and <p : P 1 — > P 2 be a home- 
omorphism such that VF 2 = tpW 1 ^ 1 . Let C 1 C P 1 be a camera of VF 1 and C 2 = ^(C 1 ). 
Consider a homomorphism ip : W 1 — > W 2 such that ip(w) = tpwtp~ x . Then it is obvi- 
ous, that g(P 1 /W 1 ) = g(P 2 /W 2 ) and ip gives an isomorphism between (W 1 , Sci,T c i) and 
(W 2 ,S C2 ,T C2 ). 

Let us now suppose ^(P 1 /W 1 ) = g(P 2 /W 2 ) and (W\ 5 C i,T C i), (W 2 ,S C 2, T c2 ) be 
isomorphic swelling Coxeter systems for some cameras C l C P l . The boundaries of consist 
of segments 

4- C P^'), 
where = {a The isomorphism 

V>:(W\S c i,T c i)^(l^S c2 ,r c2 ) 

gives a correspondence (z,j) 1— > (r](i),£(j)) such that 

#^i,jO) = a 2 fa(i),£(j)) 

and 

^ 2 (^),ea+i)) = ^(^),e(i) + i). 

Thus there exists a homeomorphism : C 1 — > C 2 such that 
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Consider now the homeomorphism cp : P 1 — > P 2 , where 



<f(p) — ip(w)(p(w 1 p) 



for p e wC 1 . Then = tpW 1 ?- 1 . □ 

Let (W, S, T) be a (mi, . . . , rrik) - swelling Coxeter system and T = {(cr(i, j)}. Let n(i,j) 
be order of (cr(z, j) • a(z, j + 1)). Put 



the Riemann sphere if \i g = 0, the complex plane C if \i g = 1, and the upper half-plane 



if > 1. Let Aut(A) be the group of all holomorphic and all antiholomorphic automorphisms 
of A and 



be the subgroup of holomorphic automorphisms. 

Consider a discrete group G C Aut(A) and an epimorphism ip : G — > W. The pair (G,ip) 
is called a g-planar realization of (W, S, T) if G has generators 

{a Q ,6 a G Aut(A) (a = a e Aut(A) (i = 1, . . . , fc), 

(Tij ^ Aut(A)(i = 1,. . ., k,j = 1,. . .,rrii + 1)}, 
generating G with defining relations 




k mi 



Denote 



A = A((W,S,T),g) 



{z E C|Im z > 0} 



Aut(A) c Aut(A) 



9 A: 

Y[ [a a b a ] JJ Ci = 1, 




1, (<7<j • ^- + i) n ^') = 1, 



and moreover 



cr(i,j), ip(a a ) = ip(b a ) = i/j(a) = 1. 
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Here [ab] = aba 1 6 1 is the commutator of the elements a, 6 G G. 

Lemma 2.1. Let (G, ip) be a g-planar realization of (W, S 7 T), P = A/ker ip. Wp = G/ker ip. 
Then (P, Wp) is a real orientable equipment and there exists a camera C C P such that the 
swelling Coxeter system (Wp, Sc, Tc) is isomorphic to (W, S, T). 

Proof: Put P = A/G. Let F : G -> $:A^P, y?:P^Pand$ = v7$:A^P 

be the natural projections. It follows from [9, Ch4] that all critical values of $ belong to dP. 
Moreover the fundamental group of P is generated by the images of a Q ,6 Q ,Ci. Thus (p is a 
homeomorphism on each connected component of <£> _1 (-P \ <9P) and the closing of each one is 
a fundamental region of Wp. It follows from [9, Ch4] that G has a fundamental region B such 
that 



= $(\J{z E B\a t3 z = z}). 



ij 

Thus the C = &(B>) is a fundamental region of Wp and 




Put 



S c = {(7l, . . . , 



a n } = F({<7ij (i = j = l,...,mi}). 



Then (W P , 



) is a Coxeter system and 




i=l 



Let us prove that each real form a s is orientable. Consider 



W s = {we W P \l(a s w) > l(w)}, 



where l(w) is the least / such that w = • • • a^. Put 



P 1 = W S C and P 2 = (W\ W S )C. 



Let 



p eP 1 nP 2 = dP 1 = dP 2 . 
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Then p G w\C fl W2C, where w\ G W 8 , W2 G W \ W s . Put po = w 1 1 p G dC. Then o^po = Po 
for some a t E S c . Thus 

(wicrttoj" 1 )^ = p and (wiO"tW^~ 1 )(wiC) = w^C 

Therefore w\o t = w 2 ^ W s and according to [2, IY, §1 n°7] Wiatw^ 1 = a s . Thus 

peP as and PinP 2 cP CJs . 

Therefore P as divides P into 2 connected components. 

Thus (P, Wp) is a real orientable equipment with the camera C, 5^ = Sc and ^ gives an 
isomorphism between (Wp, Sc, Tq) and {W, S,T).\2 

Theorem 2.2. For each (mi, . . . , mk)-swelling Coxeter group (W, S 1 , T) and <7 > there exists 
a <7 - planar realization of (W, 5, T) and a real orientable equipment (P, Wp) with a camera 
C C P such that g(P/Wp) = g and the swelling Coxeter system (Wp, Sc,Tc) is isomorphic 
to (W,S,T). 

Proof: It follows from [9, Ch 4] that there exists a discrete group 

G G Aut(A) (A = A((W,S,T),g) 

with generators 

{a a , b a G Aut(A) (a = l,...,£r), a G Aut(A) (i = 1, . . . , k), 

Oij Aut(A) (i = l,...,fc, j = l,...,mi + l)} 
and the defining relations 

4 = 1, (a lJ -a lJ+1 )^ =1, 
3 fc 

] J [a Q 6 a ] Ci = 1, craCjCTj m{+ i = q, 

a=l i=l 

where n(i,j) is the order of 

(<r(i, j) ■ a(i,j + 1)) 
9 



and 

T={a(iJ)}. 

Put now 

ip(a a ) = ip(b a ) = ip(ci) = 1 

and 

if>(<Tij) = (r(i,j). 

Then (G, ip) is a g- planar realization of (W, £, T) and theorem 2.2 follows from lemma 2.1. □ 
We say that real equipments (Pi, W\) and (P 2 , W2) are isomorphic if there exists a holo- 
morphic map </? : Pi — > P2 such that W2 = tpW\Lp~ x . 

Theorem 2.3. Each reai orientable equipment is isomorphic to 

(A/ker ^,G/ker^), 

where (G, ip) is a g-planar realization of some swelling Coxeter system. 

Proof: Let (P, Wp) be a real orientable equipment, g = g(P/Wp) and C be some camera of 
Wp. It follows from theorem 2.2 that there exist a g- planar realization (Go, tpo) of the swelling 
Coxeter system (Wp, Sc,Tc)- It follows from lemma 2.1 and theorem 2.1 that there exists a 
homeomorphism 

Lp : P — > A/ker ipo 

such that 

t^VFpi/? -1 = Go/ker t/^q. 
Consider a uniformization $ : A — > P and a natural projection 

$0 : A — » A/ker ?/>o- 

According to [9, Ch.5], there exists a homeomorphism (p : A — > A such that $0^ = Put 
G = <£> _1 Go<£> and -0 = ^o-P 1 ; where P : G — > Go and P(tu) = Lpw^p~ x . Then (G,ip) is a 
^-realization of (Wp, S'c, Ps) and $ gives a isomorphism between (A/ker ■?/>, G/ker ip) and 
(P,W P ). □ 
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3. Total number of ovals 



We shall use 

Lemma 3.1. [4] Let W : P — > P be a finite group of autohomeomorphisms of a compact 
orientable surface P. Then there exists a complex structure on P such that W consists of 
holomorphic and antiholomorphic homeomorphisms. 

It follows from Harnak's theorem that the set P a of the fixed points of a real form 
a : P — > P consists of \et\ ^ g(P) + 1 simple closed contours (ovals). For a real orientable 
equipment (P,W) we put 

h(P,W)= J2 \ a \~ 2 9(P) 

aE[W] 

and 

pW _ pa 

a£[W] 

A real orientable equipment (P, W) is called commutative if W is a commutative group. 
Put h(n, g) = max {h(P, W)}, where max is taken by all commutative equipments (P, W) such 
that g(P) = g and [W] consists of n elements. 

Consider a function /(2) = 2, f(n) = —(n — 9)2 n ~ 3 — 2 for n > 2. Our next goal is the 
proof that h(n, g) ^ f(n) for n > 1. 

Lemma 3.2. Suppose h(n',g') ^ f(n') for all g' < g and n' > 2. Let (P, W) be a commu- 
tative equipment such that g(P) = g, [W] = (a±, . . . , a n ), where n > 2, and some connected 
component of P w belongs to P a " . Then h(P, W) < f(n). 

Proof: Let a be a connected component of P w and a C P a ™. Then a is an oval of a n and 
A = \J we w w ( a ) consists of 2 n_1 non-intersecting contours. If P\A is connected, we squeeze 
to a point each boundary contour of P \ A . Thus we obtain a compact surface P' , where 
g' = g(P') = g — 2 n ~ 1 . The forms eti,...,ot n give involutions a[ : P' — > P' . It follows from 
lemma 3.1 that it exists a complex structure on P' such that a[, . . . , a' n are real forms of P' . 
They generate a commutative equipment such that 

n n 

EKI = EKI- 2n_1 - 

i=i i=i 

li 



Therefore 

n n n 

h(P, W) = J2 \ai\-2g = \a>\+2 n - 1 -2g'-2 n = QT |aj| -2g') -T' 1 < h(n, g') ^ f(n). 

i=l i=l i=l 

Let now P \ A be disconnected. Then P \ A consists of two connected components Pi 
and Pi- Contract to a point each boundary contour of Pi to produce a compact surface P' of 
genus 

9 =g{P') = \{g -2"- 1 + i). 

The forms a.\, . . . , a n _i give involutions a- : P' — > P' ' . Consider a complex structure on P' 
such that a[, . . . , a' n _ 1 are real forms of P' . They generate a commutative equipment such 
that 

n i n 

EKi = ^£N- 2n-1 )- 



Therefore 



2 

i=i i=i 



n-1 



/i(P, W) = EK|-2^ = 2EK|+ 2"" 1 - V - 2" + 2 
i=i i=i 

n-1 

2(^ |^| - 2tf') - 2"" 1 + 2 ^ 2f(n - 1) - 2™" 1 + 2. 



i=i 

Thus if n = 3, then 

fr(P,W) ^4-4 + 2<4 = /(3). 

If n > 3, then 

fr(P, < 2(-(n - 10)2 n " 4 - 2) - 2 n_1 + 2 = -2 n " 3 (n - 6) - 2 < /(ra).D 



Lemma 3.3. Suppose h(n',g') ^ /(^') for all g' < g and n' > 2. Let (P, W) be a commu- 
tative equipment such that g(P) = g, [W] = (cki, . . . , ot n ), where n > 2, and some connected 
component of P w belongs to P Q ™-i U P Q ™. Then f(P, W) < f(n). 

Proof: Let a be a connected component of P w and a C P™"^ 1 U P Q ™. If a C P ™- 1 or 
a C P Q ™, then lemma 3.3 follows from lemma 3.2. Let a ^ P ™- 1 and a ^ P Q ™. In this case 
o consists of some number m of ovals from P Q ™-i and the same number m of ovals from P a ™. 
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Moreover each of these ovals contains exactly 2 points of P ™- 1 n P a ". Thus A = U wE [ W ]w(a) 
consists of m ■ 2 n ~ 2 ovals of a n -\ and m ■ 2 n ~ 2 ovals of a n . 

Suppose P \ A is connected. Then we contract to a point each boundary component of 
P \ A. Thus we obtain a compact surface P' of genus g' = g(P') = g — (m + 2) • 2 n_2 . The 
forms cki, . . . , a n give involutions a[ : P' — > P' . Consider a complex structure on P' such that 
a'-i, . . . ,a' n are re& l forms of P'. They generate a commutative equipment such that 

n n 

Y^\a'i\ = ^2\on\ -m-T~ x . 
i=i %=i 

Therefore 

n n 

/i(P, wr) = k| - 2# = |aj| + m • 2 71 " 1 -2g'-m- 2 n_1 - 2 n+1 < /i(n, < f(n). 

i=l i=l 

If P\A is disconnected then it forms 4 connected components. Let Pi be one of them. Contract 
to a point each boundary component of Pi to obtain a compact surface P' with 

9 = g(P') = \(g-(m- 1)2- 2 - 4(2^ 2 - 1)). 

The forms cki, . . . , a n -2 give involutions o4 : P' — > P' . Consider a complex structure on P' 
such that ct'i, . . . , a^_ 2 are real forms of P' . They generate a commutative equipment such 
that 

n— 2 _. n 

EKi—Eki-m-2- 1 ). 

i=i i=i 

Thus 

n n— 2 

/i(P, ^) = \c*i\ - 2g = 4 \ a 'i\ + m ■ 2 n_1 - 8 9 ~ ( m ~ 1 ) 2 "~ 1 ~ 8 (2 n ~ 2 ~ x ) = 
i=i i=i 

n-2 

\ a i\ ~ 2g '^ ~ 3 ' T ~ X +8 = 4 f( n - 2 ) - 3 • 2 n_1 + 8. 

i=i 

If n > 4 then 

h(P, W) ^ 4(-(n - ll)2 n " 5 - 2) - 3 • 2 n_1 + 8 
= 2 n " 3 (-n + 11 - 12) - 8 + 8 = 2 n - 3 (-n - 1) < -2 n " 3 (n - 9) - 2 = f(n). 
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If n = 4 then 

h(P, WO ^4-2-3 - 2 3 + 8 = -8 < /(4). 

If n = 3 then 

pa! n (pa 2 ypa 3 ) = 

and lemma 3.3 follows from lemma 3.2. □ 

Lemma 3.4. Let (P, W) be a commutative equipment such that [W] = (cti, . . . , a n ), where 
n > 2. Then (n — 4)2 n_3 ^ g — 1. Moreover if every connected component of P w does not 
belong to P ai U P" 3 for each i, j, then 



kK 2^(P) - (n - 9)2"" 3 - 2. 



Proof: Let C C P be a camera of and ai, . . . , be its boundary contours. The contour Oj 
consists of segments 

where 

£ tJ cP^\a(i,j)e[W] 

and 

Let £j be the number of distinct elements between 

(j(z,l),...,a(z,m i ). 
Our conditions give £j ^ 3. Moreover 

k 

i=i 

Put 

a(ij + nrm) = a(i,j) 
14 



for n E Z. Consider 

L\ = {£ ij \a{i,j-l) = a{i,j + l)}, 

4 2 = {4>(z,.7-l)^a(z,j + l)}. 

Let Si be the number of elements in Lf. It follows from U ^ 3 that Si ^ U — 1. 

Let P = P/W and <p : P — > P be the natural projection. Then </7 _1 (£ ij ) consists of ovals 
of <r(i,j). The number of these ovals is 2 n ~ 2 if £ij e L\ and 2 n ~ 3 if 4j e Lf. Thus 

n fc fc 

^ H = ^(s, • 2™" 3 + (m, - Si ) • 2 n ~ 2 ) = ^(m, • 2™" 2 - Sl ■ 2 n ~ 3 ) <: 

i=l i=l i=l 

k k k 

■ 2 n ~ 2 - (U - 1)2- 3 ) = (^m,) • 2"" 2 + k ■ 2 n ~ 3 - (J^U) • 2 n ~ 3 <: 

i=l i=l i=l 

k 



(^m,)-2 n - 2 + (A;-n)-2 r 



->n-3 

//tj j • ~T yrv — lb) • / 

i=l 

On the other hand, it follows from theorem 2.3 that 



(P,W) = (A/Ker V, G/Ker 
where (G, 99) is a g— planar realization the swelling Coxeter system (W, [W],T), and 

r = {(7(ij) ) i=i,.-,*j'ez}. 

It follows from Riemann-Hurwitz's theorem ([9], 4.14.21) that 

1 fc 

4( 7 -4 = 2 71 (4fi?-4 + 2A;+-^m J ), 

i=i 

where g = g(P), g = g(P). Thus 

g -l^ 2 n " 2 (-2 + -n) = 2 n ~ 3 (n - 4) 

and 

n k 1 k 

J2\ a i\ ~ 2 9^ (^m,)-2 n - 2 + (A;-n)-2 n - 3 -2 n - 1 (4^-4 + 2A; + -^m,)-2 ^ 

i—1 i—1 i—1 
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^ (k - n) ■ 2 n ~ 3 + 2 n+1 - k ■ 2 n - 2 < (1 - n) ■ 2 n " 3 + 2 n+1 - 2 n - 2 = 
= -2 n ~ 3 (n - 1 - 16 + 8) - 2 = -{n - 9) • 2 n " 3 - 2.D 

Lemma 3.5. Let (P, W) be a real orientable equipment and 77, . . . ,r n G [W] (where n > 2) 
be non-conjugate. Then there exists a commutative equipment W C W such that 

[W f ] = (ai, . . . ,a n ), an ^ ctj 

and 

n n 

En ^Eh- 

%=\ i=i 

Proof: Let W be the real orientable equipment generated by 17, . . . , r n and C its camera. It 
follows from lemma 1.1 that there exist /?i,...,/? n G Sc such that = WiTiW~ x , Wi G W. 
Let W be the real orientable equipment, generated by S' = {Pi, . . . , /? n ). Put ctj = /?-,■ if /3j 
belongs to the center of W . 

Let us now assume that (3j does not belong to the center of W . It follows from theorem 
1.1 that (W',S') is a Coxeter system. Moreover Pi,..., (3 n are non-conjugated in W' . We 
observe, using the classification of Coxeter systems [2, VI, §4], that there exists only one 
Pi G 5" such that PiPj ^ PjPi- For similar reasons PiPk = PkPi if k ^ j. The order 2m of 
PiPj is even because Pi and Pj are non-conjugated in W. Put 7 = (PiPj) 171 . Then 7 belongs 
to the center of W. For |/%| ^ \Pj\ we put ctj = Pi, ctj = 7/%. For ^ we put ctj = 
ctj = iPy Then cti, . . . , a n generate a commutative equipment W and 

n n 

i=l i=l 

Theorem 3.1. Let (P, W) be a real orientable equipment, g(P) = g and 77, . . . ,r n G [W] 
(where n > 2) be non-conjugated in W. Then (n — 4)2 n ~ 3 ^ g — 1 and 

n 

|t;| ^ 2g - (n - 9)2 n " 3 - 2. 
16 



Proof: Due to lemma 3.5 it suffices to prove theorem 3.1 for commutative equipment. For this 
case it follows from lemma 3.4 that (n — 4)2 n_3 ^ g — 1. We use an induction on g = g(P) for 
to prove 

n 

^2g-(n-9)2 n - 3 -2. 

If g(P) = then n = 3 and = 3 < 6 — 2. Let us assume that the statement is proved 

for the cases g(P) < g. If it exists a connected component a of P w such that a C P Ti U P Tj , 
then the statement of theorem 3.1 follows from lemma 3.3. Otherwise it follows from lemma 
3.4. □ 

Theorem 3.2. For any n > 2 and m ^ 0, where n + 2m > 4, there exists a commutative 
equipment (P, W) such that the forms [W] = (ti, . . . , r n ) are non-conjugated with respect to 
holomorphic automorphisms of P, 

g(P) = 2 n " 3 (n + 2m-4) + 1 

and 

n 

J2\r l \ = 2g(P)-(n-9)2 n - 3 -2. 

i=l 

Proof: Consider a rectangular (n + 2m)-gon with incommensurable sides £i, ■ ■ ■ ,£ n +2m on 
Lobachevskij plane A. Let G C Aut(A) be the group generated by reflections Oi in the sides £i 
of the polygon. Let W = (Z 2 ) n be the group generated by n involutions s\, . . . , s n . Consider 
the epimorphism ifj : G — > W such that ^(^i) = s i for i = l,...,n— 1, -i/'( "n+2j) = S2, 
■0(cr T3 ,_|_2j+i) = s n for j = 0, ...,m — 1. Then (G,tjj) is a plan realization. It follows from lemma 
2.1 that (P, W) = (A/Ker ip, G/Ker ip) is a commutative equipment and [W] = (r, . . . , r n ), 
where 

^ = cr^/Ker ^ for z = 1, . . . , n — 1, t 2 = a n+ 2i/Ker ifj for i = 0, . . . , m, 
T n = cr n+2 j+i/Ker for j = 0, . . . , m - 1. 
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Riemann-Hurwitz's formula [9, 4.14.11] gives 

g(P) = 2 n " 3 (n + 2m-4) + l. 

Let ip : P — > P/VF be the natural projection. Then *0 _1 (£j) forms 2 n ~ 3 ovals of r G [W] for 
% = 2, . . . , n and it forms 2 n ~ 2 ovals of r G [W] for % = 1 and i > n. Thus 

n 

^ | Ti | = ( n - l)2 n " 3 + (2m + l)2 n " 2 

i=l 

and 

n 

2#(P) - N = 2 n ~ 3 (2n + 4m - 8) + 2 - (n - l)2 n ~ 3 - (4m + 2)2 n " 3 = 
i=i 

= (n-9)2 n - 3 + 2. 

It follows from incommensurability of l\ that Tj are non-conjugated with respect to holomorphic 
automorphisms (i.e. isometries with respect to Lobachevskij metric) of P. □ 

Corollary 3.1. Let X±, . . . ,X n (n > 3) be orientable non-singular, non-reducible real alge- 
braic curves of genus g > 1 such that for any i ^ j Xi is non-isomorphic to Xj over R but 
isomorphic over C. Then 

n 

Y^\Xi\^ 2g- (n-9)2 n - s -2 and (n - 4)2 n ~ 3 sC g - 1 
and this estimate is attained for each n for infinite number of g. 

Proof: By definition there exists a Riemann surface P and biholomorphic maps ip : Pi — > P, 
such that = (P^ctj). Then Tj = ifjiaiifj^ 1 generate an orientable equipment of P. Thus 
corollary 3.1 follows from theorems 3.1 and 3.2. □ 
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